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1)

Classification of signals (1d)

s t— s(t) with te R, s(t) e R or @

Continuous — discrete

s(t),t € IR s(tn),n € Z
st) M stn) /—/_\—/\
t .At: t t + .tn. t t t t t t

ME 252 B, Wavelet transferms and their applications i8 trBulenes; Marig Farge & Kai Sehneider, UESB; Winier 2664



2) Nonperiodic —> periodic

e continuous

Period T, s(t) =s(t+nT),nec Z

e discrete

Period T, s(tn) = s(tn + nT),
neZ with T = NAT
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3) Compact support
s(t) #0 for te[A,B] and s(t) =0

4) Signals with finite energy
e continuous, nonperiodic

o0 2
E=/ s(8)[2dt < oo
— 00

e continuous, periodic

T 2
E:ALﬁNﬁ<m

else



e discrete, nonperiodic

o0
E= ) s(tn)]? < o0
n=——oo
e discrete, periodic
N-—1
E= ) s(tn)|? < oo
n=0

For mathematicians: spaces of square-integrable functions
(norm 4 scalar product)

s(t) € L°(R), L?(T),1°(R),1°(Tr) where T =R/Z
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5) Absolutely integrable signals
@)
g = / s(t)|dt < 0o s(t) € L1(IR)
— 0

Classification of signals (higher dimensions)

2d — images s(¥) = s(z,y),z,y € IR or s(m,n),n,m¢e Z

3d, n-d

scalar-valued — vector-valued signals
- temperature - velocity
- pressure - RGB signal

—= similar classification possible.
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T he Fourier transform

representation of signals with sine and cosine functions

transformation of signals into the frequency plane

fast algorithms (FFT), Nlog> N complexity

correlation and convolution can be efficiently computed in the
frequency domain

system theory:
sine and cosine are eigenfunctions of linear time-shift invariant
systems
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linear time-shift
u(t) invariant system y(®)
u(t) = sin2x ft y(t) = asin(2nx ft + ¢)
COS 27 ft acos(2w ft 4+ o)

For simplification one uses complex exponentials:
e = cost+isint

Recall complex numbers: z e,z =x+ iy = re?

r= Nz, y =z

r? = 2?2 + 42,0 = arctan y/x

Recall trigonometric polynomials:

s(t) = ) apcos2rkt + by sin 27wkt
k>0
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Fourier transforms

We consider an absolutely integrable signal s(t) € L1(IR)(NL2(R)),
t,s € IR

The Fourier transform is defined as:
~ @) .
S(f) =/ s(t)e 2Tt gy
— 00
oo O
— / s(t) cos 2 ftdt + i / s(t) sin 27 ftdt
_m —_—

@)

Note that in general S(f) Q.

Define modulus |S(f)| and phase ¢ = arctan SS(f)/RS(f)
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The inverse Fourier transform is defined as:

sy = [ S(peias

— 00
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Example:

sy =11 for —T<t<T,
10 elsewhere
Sin 2w fT

S(f) =

mf

s(t)
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a) scaling

s(at) <= ri|§(£) a € R,a#%0
S(af) <— iS(E)
a| “a

b) time-shift

s(t—tg) < exp(—i2nftg)S(f) to€ R

c) frequency-shift

S(f—fo) < exp@i2rfot)s(t) fo€e R
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d) differentiation (with respect to time)

If s(t) is n-times continuously differentiable and s(™(¢) € L1(IR),
then

sM(t) = (@2rf)"S()

e) differentiation (with respect to frequency)
If tms(t) € LY(IR) for m = 0,1,..., M, then S(M)(f) exists and

(—i2nt)Ms(t) = SmM(y)

f) multiple application of the Fourier transform

FlsOM) = [ se Mt = 3()

— 00

O

FALOHNI® = FISOIW = [ S(He 2 = s(—1)

_ L F? corresponds to time inversion
and hence F4 = Identity
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g)

h)

F3 = F—1 = F* (inverse Fourier transform)
Remark: The Fourier transform is a cyclic operator of 4th degree.

convolution
given s1(t) and so(t) with s1(t) € L2(IR) and so(t) € L®°(R).

51 (1) % so(t) = /OO s1(7)so(t — 7)dr

— 0
* commutes, i.e. sy xS> = so % Sq
x iS associative, i.e. s1 %S> *xs3 = 81 x(so*x83) = (81 *8p) * 83

s1(t) <= Si1(f) and sx(t) <<= Sa(f)

s1(t) xso(t) <= S1(f)S2(f)

correlation
- cross-correlation: s1(t),s>(t) € L2(IR)

12(8) = [ s1(Dsa(t + 7)dr = s1.(8) % 52(—1)

— 00
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0

221() = [ s1(t+m)sa(T)dr = s1(=t) * 52(1)

— 00

If S1(f) and S>(f) exist, then
P12(f) = F{o12(WOI(f) = F{s1(t) x s2(—t)}(f)
= F{s1(t) x F¥{s2() }}(f) = F{s1 (DI F > {s2() }} (/)
= 51()53(/)

and analogously

D21 (f) = ST(f)S2(f)

i) autocorrelation
s1(t) € L*(IR)

b11®) = [ s1(Ds1(t+m)dr = s1.(8) % s1(—1)

— 00
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and with s1(¢t) < S1(f)
we obtain in frequency space

P11(f) = F{1:(D}I(F) = S1(NHST() = 151(NH?
j) multiplication

s10s2() == SN SN = [ S1(OF( - g

k) Parseval’'s identity

| sis0de= [~ S1(HSa(-1df

_w J—

— [ ssswdt= [ Si(NSHNY

and in particular for sy = s, =s <= S(f) we have

[ IswPa= [ 15()Par
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)

energy spectrum

E(f) =|S(f)|? and E = [§° B(f)df

E(f) is called spectral energy density, or energy spectrum.

symmetries
s(t) = Seven(t) + Sodd(t)

With seven(t) = 3(s(t) + s(—1)) and syga(t) = 3(s(t) — s(~1t))
Decomposing the corresponding Fourier transform into real and
imaginary part we obtain:

S(f) = Se(f) +14S:(f)
where S.(f) = RS(f) and S;(f) = IS(f)
Seven(t) <~ S\?“(f)

soad(t) = Si(f)

and additionally, we have that S,(f) is even (cosine-transform)
and S;(f) is odd (sine-transform).
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n) real valued signals
If s(t) is real valued, then we have S(—f) = S*(f)

O) regularity
If s"(t) € LY(R) then lim;_ o |(i27f)"S(f)| =0, i.e.

S(f) =0(fI7")
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Bandwidth of signals and Heisenberg’s uncertainty principle
oo
02 = | (¢~ 10)2Is(1) Pt
o

B2= [~ (/= [0)A5(DRdf

where [2% [s(t)[?dt = [2%, |S(f)|%df =1
and tg and fp are the center of gravity in the t/f plane, respectively:

o= [ ts@Pat  fo= [ NSWPY

Heisenberg’'s uncertainty principle yields:

1
0B > —

4
Proof:

w.l.o.g. let tg = fp =0
Using Schwarz inequality

[ a®awi? < [ 1aoPa [ e
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for a,b — oo and with
g1(t) = ts(t) and go(t) = ds/dt we have

O

ds /dt|?dt
@)

|/_O:Ots(t)ds/dtdt|2 < /_O:O|ts(t)|2dt /

As s € L2(IR), liMi—+o0 |s(t)] < C%

o 1
/ ts(t)ds/dtdt = —

— 00
and

[ ldsjat at= [~ 2nfS(HPd

1

s <an [T 2lswPa [T 2802
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Distributions

for t = tp,
elsewhere

5(t — tg) = { o (2)

oo
/ 5(t — to)dt = 1
— 0

/OO s()5(t — to)dt = s(tg)

— 00

\/ﬁexp(—ntz) —0(t) for mn — oo
T

—7T2f2

\/gexp(—ntQ) <—  exp( - )
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o(t) <= 1
1 =  6@)
5EI(1) =  (2rf)F

(—i2rt)d = §E)(p)

Scaling:
§F)(at) = ‘—1‘(i27rfa)k
a
sy  — (i2nfa)
a| a
and for k=20

1 ¢t
—6(—) <= 1
al "a
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Shift:
st —tg) <«  exp(—i2nfty)(i2nf)F

exp(i2n fot) (—i2mt)* <«  §K(F - fo)
and for k=20

o(t —tg) <= exp(—i2nftgy)

exp(i2mfot) <<=  O(f — fo)

sin(2rfot) = -(5(f ~ fo) ~ 6(f + o))

cos(2mfot) <— %(5(1” — fo) +0(f + fo))
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Convolution:
s(t) <= S(f)

S xs(t) <=  (i2rfa)*S(f)
and for k=20

o(t) xs(t) = s(t)

O0(t —tg) xs(t) = s(t —tp)

Sampling theorem: Let s(¢) € L1(IR) with S(f) = 0 for |f] > fe.
Then we have

S sinw(t —nT)/T 1
s(t) = 2 s(nT) w(t —nT)/T =07,

n=0
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Periodic signal s(t) = s(t 4+ nT),t € R,n € Z with period T,
Discrete Fourier coefficients Sy, k € Z with S, = 7 [¢ s(t)e™ 2™ qt

and s(t) = Yyez Spet?™H/T

Discrete signal sp,n € Z

Periodic Fourier transform

SN =Y sne 2

nexs

Discrete periodic signal sp,0 <n < N —1 with sp, = s, ,,n,m € Z
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Periodic discrete Fourier transform

R 1 N-1 .
Se== > spe 2™Rn/N 0 < g < N -1

n=0

where gk = §k+mN7m c 4
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e Continuous signal s(t),t € IR «—— continuous spectrum, S(f), f €
R

e Periodic signal s(t),¢t € ' —— discrete spectrum, Sy, k € Z
e Discrete signal sp,n € Z «—— periodic spectrum, S(f), f € T

e Discrete periodic signal sp,0 <n < N—1 with sp, = s, ,,n,m € Z
—— periodic discrete spectrum S, 0 < k < N —1 and with S, =
Sk4+mnNsm € Z

Extention to higher dimensions: tensor product ansatz
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Ad Fourier transform

Continuous signals: s(t),t € IR

S(f) = / T s()e 2 fta e R and  s(t) = / * (el Tty

Periodic signals (continuous): 5(t) =s5(t+mT),me Z

. 1 /T . S
S, = _/ S(t>e—22ﬂ'kt/T and  s(t) = Z Sk6127rkt/T
1'Jo keZ
with

i2nkt /T Kk
e ~— I T)

S = 3 53— )

keZ
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S S —kT) =2 S 6(f — k/T)
k=—oc0 T k=—o0
Periodisation
st)= )Y s(t—nT)

5(t) = 5(t+mT),me Z

(1) = Y S -
keZ

with Sy = #S(k/T)
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Sn,N € 4

S(f) =Y spe 2™l
ne#
Sp, n =0,....,.N —1

gk: Z Sne—z‘kan/N
sy
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ssamp(t) =T > s(kT)5(t — kT)
ke

Jsamp = 2f1imit = f

0@

Ssamp(t) = gsamp(f) = Z §(f — kfsamp)

k=—o0
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