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Abstract A reduced-order modelling (ROM) strategy is pursued toegha mech-
anistic understanding of jet flow mechanisms targeting @se control. Coher-
ent flow structures of the jet are identified by the properagtinal decomposition
(POD) and wavelet analysis. These techniques are appliad t&=S data ensem-
ble with velocity snapshots of a three-dimensional, incaesgible jet at a Reynolds
number ofRe= 3600. A low-dimensional Galerkin model of a three-dimensio
jetis extracted and calibrated to the physical dynamicabfain the desired mech-
anistic understanding of jet noise generation, loudest fimactures are distilled by
a goal-oriented extension of the POD approach we term 'miost¢rvable decom-
position’ (MOD). Thus, a reduction of the number of dynaniicenost important
degrees of freedom by one order of magnitude is achievedaltilp of the pre-
sented ROM strategy for jet noise control is demonstrateduppression of loud
flow structures.
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1 Introduction

Jets from engine exhaust constitute the most importanérsoisrce of civil aircrafts
during take-off. The noise level exceeds those of othercgmuike fan, combustion,
and airframe noise. Hence, the suppression of jet noise é&s &ctively pursued
from the beginning of civil air traffic with jet engines, lead mainly to larger by-
pass ratios. As the engine diameter reaches its practic) further noise reduc-
tions will benefit from an intuitive understanding of the rhanisms responsible
for noise generation in turbulent, subsonic jets. Yet, thiglerstanding is still in
its infancy after more than five decades of jet noise rese@rmip. e.g. [51]). The
complexity of this problem is ascribed to the high dimenaidy and broadband
spectrum of the flow state attractor.

Currently, an opportunity for model-based jet noise reiduncis opening up by
the rapidly evolving field of reduced-order modelling (ROnp. [63]). Perfor-
mance of ROM for flow control purposes is demonstrated fortrobrof vortex
shedding behind circular and D-shaped cylinders [65, 6@12,48, 72, 19, 67]
and control of cavity oscillations [36]. Reduced-order migdhave also enabled
successful feedback control in shear flow experiments fex.dpluff-body drag re-
duction and mixing enhancements [23, 52]. Requisites fquieoal analyses and
modelling are data bases provided by computational aeustice. Here, direct nu-
merical simulations (e.g. [18]) and large eddy simulati¢sg. [10, 3]) contribute
to the understanding of experimental data (e.g. [24]). Binaifforts are undertaken
by vortex-filament models [22, 69, 44, 70].

Targeting the distillation of the desired mechanistic ustiding for jet noise
reduction, we pursue a ROM strategy, including the task&ro€ture identification,
dynamical modelling and control design (cmp. figure 1). Blfere, a velocity snap-
shot ensemble of an incompressible jet at Reynolds nuRber 3600 is utilised,
provided by a large eddy simulation (see [33, 7] and the egfegs therein).

A main ROM challenge is represented by flow structure idexatiifon, tailored
for the purposes of modelling and control. Constituting @ssl of flow represen-
tations, coherent flow structures are known to be a causeeohdiise, as noted
already in Lighthill’s classical paper in 1952 [35]. Inde#tk frequency of the local
noise source scales approximately inversely with the ditleeocoherent structures
[43]. That size increases in the streamwise direction byexamerging, leading to
a decrease of the dominant frequency. This relationshipbkas experimentally
corroborated and employed in surprisingly effective fremey slice models [56].
Commonly, coherent structures are extracted from POD,rdposing the flow ve-
locity most efficiently for the resolution of total kinetimergy. In present jet POD
studies (e.g. [73, 21, 17]), POD dimensions of O(100) of dyically important
degrees of freedom are revealed, which poses a seriousrhalfor model-based
noise control. The POD method and POD analysis results éintompressible jet
are presented in section 3.

Further key enablers for structure identification are re@néed by wavelet tech-
niques, which were used to study turbulence in already ie#hnly nineties [11, 39].
Since then different directions for wavelets and turbuéelnave been explored, e.g.
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Fig. 1 Principle sketch of the reduced-order modelling (ROM)tstyg, targeting jet noise control.

signal processing approaches, interpretations in theifnagtial community, co-
spectra, analysis and eduction of coherent structureg wsiperimental data. In
[15, 13] the Coherent Vortex Simulation (CVS) approach wesoduced to com-
pute and to model turbulent flows. The idea of CVS is to combioelinear ap-
proximation with denoising and, additionally, to expldietproperties of wavelets
for numerical analysis. Wavelets yield attractive dissedtons for operator equa-
tions. They allow auto—adaptive discretisations by edimgahe local regularity of
the solution. Furthermore, many integral and differentipérators have a sparse
representation in a wavelet basis and can furthermoreasitigibe preconditioned
using diagonal scaling. For a review we refer to the book di€®o[6]. The idea of
CVS is based on filtering turbulent flows using adaptive meglution techniques.
Here the flow is split into two parts, a coherent flow, whosdui@n is determin-
istically computed in an adaptive basis, and an incoherewt fihich is noise-like
and whose effect on the coherent flow is modelled. Applicetiof this filtering,
called Coherent Vortex Extraction, have been presentetidorogenous isotropic
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turbulence [14, 12, 50], for mixing layers [62] and for shaad rotating turbulence
[28]. In this contribution methods and results of CVE areatiégd in section 4.

To distill the desired mechanistic understanding for naisetrol, an acousti-
cally optimised POD extension is applied for the identifmatof 'loud’ coherent
flow structures. In previous studies of compressible jet$ mixing layers, typi-
cally a dimension reduction by one order of magnitude isead by this method,
termed 'most observable decomposition’ (MOD) (cmp. [61,28d]). In these inves-
tigations, MOD modes exhibit the loudest flow structureschitare interpreted in
terms of known physical processes. In comparison to sirgigseralisations of the
POD method (cmp. [16, 25, 4, 37, 17, 53], MOD is more tailom@dHe purposes of
flow control: beside MOD'’s aeroacoustical least-dimenaiip MOD features ad-
ditional optimal properties as a design parameter. ThusM@D variants are pro-
posed for controller and observer design. The reductiohetatal kinetic energy
in the subspace of the ’least-energetic’ variant of MOD nsod&uses a reduction
of the far-field fluctuation, thus enabling noise supprasbipconventional energy-
based control. The reconstruction of flow states from givaoacoustic data, using
e.g. dynamic observers, is supplied by the second variaiGid modes, the 'least-
residual’ MOD modes. The MOD analysis and its results foritltempressible jet
are contained in section 5.

Building on the kinematic results above, a further key eeafdr flow and noise
control is a portfolio of Galerkin modelling techniques eelsbing configuration-
specific physical problems of dynamical systems. The chgéle for model-based
control of turbulent shear flows have been addressed byianyxihodels for the
pressure term, unresolved turbulence, missing dynamitajportant phase space
directions, compressibility effects and actuation efddtl, 34, 42, 71, 31, 46, 47,
75, 49]. Furthermore, turbulence effects are modelled hylautence closure gen-
eralising the ansatz of finite-time thermodynamics (FTB][4 his closure allows
to predict the first and second moments of Galerkin modegyding the effects
of fine-scale structures. For the prediction of first and sdamoments, effects of
turbulent small-scale structures are modelled by a novetlahbased turbulence
closure generalising the ansatz of finite-time thermodyioa(fTT) [45]. This FTT
closure enables further system reductions and fine-scedalént representations
respecting momentum and energy balance equations for eadh.&TT has al-
ready been successfully applied to wake flows, mixing lay&ad homogeneous
shear turbulence, i.e. examples of simple, medium and bevatidynamics.

For the first time, a Galerkin model of the three-dimensiooahd jet is extracted
in section 6 — utilising above mentioned ensemble of LESeiglenapshots. Thus,
existing Galerkin models of rectangular and planar jetsapmplemented (cmp. e.g.
[40, 20] and references therein). In the outlook of this dbation (section 7), ca-
pability of the presented ROM strategy for jet noise consaemonstrated by first
results from applications.
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Fig. 2 Sketch of the flow configuration. A three-dimensional, inpoessible jet is considered for
the Reynolds numbdRe= 3600.

2 Configuration and data base

A snapshot ensemble of a three-dimensional incompregsibé Reynolds num-
berRe= 3600 is provided by large eddy simulation (LES). Detailsha&f humerical
simulations are illustrated in [33, 7]. For the subsequempieical analyses, 3000
snapshots of velocity and pressure field in the post-trahsegime are available
in a domain extending I¥ (D=jet diameter) in the streamwise x-direction and out
to +3.5D in transverse y- and spanwise z-direction. In our comparatiequations
are discretised by a 128 128 x 128 mesh of grid points, equidistantly distributed
in each direction. The 3000 snapshots are equidistantsitalised over a time in-
terval of 300 convective time unit&\{ = 0.1). Furthermore, the three-dimensional
vorticity field is provided for the last 1000 snapshots.

The aeroacoustic far-field is monitored by the signals ofaféield sensors, sit-
uated at a linear array in the zero plane of the spanwise coemigcmp. figure 2).
The linear array is parallel to the jet axis with a distanc&@D. The sensors are
equidistantly distributed from xsto x=75D. The aeroacoustic field is computed
by a Green’s function-based solver described e.g. in [2fg Jolver is validated
against the results of a Ffowcs-Williams Hawkings solvea = 0.9 jet config-
uration at the same Reynolds number (cmp. [21, 38]). Thusaaeustic far-field
data (cmp. figure 3) are provided in an interval of 100 corivedime units based
on the LES data described above.
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Fig. 3 Visualisation of the aeroacoustic far-field, computed byree®s functions based Lighthill
solver.

3 Coherent structure analysis

3.1 The proper orthogonal decomposition (POD)

A frequently employed method to extract coherent flow stritext is represented by
POD of the flow velocityu (see e.g. [26]). In the POD approximation, the velocity
fluctuationsu’ are approximated by the linear expansion into POD magles

N
W) = 3 a0 u) M)

where theg; := (U, ui) o are defined as mode coefficients of the POD modes, latter
forming an orthogonal set in the topology of thé Hilbert space with the inner
product(g,f)o = o g-fdx.

POD vyields least-order modal expansions for any given wisol of total ki-
netic energyKq (u) := {(U’,u’) ) /2 where a time-averaging operatf) :=

T
TIim % J fdtis utilised. The mathematical statement of optimality ofPi® that
—00 T

the averaged projection of the hydrodynamic fluctuatiorte ¢ime POD modes is
maximised for a given number of POD modes. The POD modesseptéhe criti-
cal points of the maximum problem

max <‘ (V. 9) o ‘2>, (2)

peHY, (9,0)g =1
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formulated in a subspadé" of the Hilbert spacé 2, satisfying regularity, incom-
pressibility and boundary conditions. By calculus of vaoia, POD modes thus can
be defined to be the eigenfunctions of the POD Fredholm iategjuation

/ (U'(x,t)y@u' (X, 1)) -ui(x) dx' = A" ui(x), (3)

0
where® denotes the outer product of two vectors. Hilbert-Schnfidbty assures,
that there is a countable infinity of eigenvalugs representing the double of total
kinetic energyKq (u), resolved by each mode. Typically, POD modes are sorted by
the size of these POD eigenvalues, starting from the lagjgstvaluel;'.

Commonly, the POD decomposition is computed by Sirovicl@DPsnapshot

method [68] based on a given ensemble of velocity snapsfypdication to further
fields (e.g. vorticity, aeroacoustic pressure) obtains P@ides which decompose
these field most efficiently for the resolution their fluctaatevel (in the mentioned
examples, these are the time averages of enstrophy andrassectively). Further
details of POD can be found e.g. in [26].

3.2 POD results

Every third time step of the three-dimensional velocitymsteots is employed for
POD analysis (1000 snapshots with = 0.3). First and higher POD modes of the
incompressible flow are visualised in the figures 4 and 5. Tastmnergetic struc-
tures are dominated by longitudinal streaks downstream fre breakdown of the
potential core. Helical structures become more dominahtgher modes. 90% of
total kinetic energy of the incompressible jet is resolvgd?B4 modes (cmp. fig-
ure 6). Thus, POD reveals a large number of dynamically ingpmddegrees of free-
dom, which enables flow modelling but is not practical to @ethe desired mech-
anistic understanding (cmp. figure 6). These results arsist@mt with well-known
previous investigations (cmp. e.g. [21, 17]).

A similar POD analysis is employed for the last 1000 snayssbbthe vorticity
fields (At = 0.1). Here, POD reveals even higher dimensions than the POlpsima
of the corresponding velocity snapshot ensemble (1000sérapAt = 0.1). 215
POD modes are needed to resolve 90% of time averaged engindyille 90% of
total kinetic energy of the corresponding velocity is resol by only 101 POD
modes (cmp. figure 7).
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Fig. 4 Visualisation of coherent flow structures. Isosurfaceshefgtreamwise component of the
first three POD modes (1 to 3 from top to bottom) are displayegésitive (light) and negative
(dark) values. The grid unit is given by the jet diameter.

4 \Wavelet based coherent vortex extraction

4.1 Coherent Vortex Extraction (CVE) method

Coherent vortices are observed in many turbulent flows wéem furthermore to
be imbedded in a random background sea. Hence, a denoisiogdure may allow
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Fig. 5 Visualisation of coherent flow structures. Isosurfacefieftreamwise component of higher
POD modes (mode 20, 50 and 100 from top to bottom) are displéyepositive (light) and
negative (dark) values. The grid unit is given by the jet diten

to eliminate the noise in a given flow realization and the ri@mg part can then
be called coherent vortices. In [15, 14], a wavelet-basethatkto extract coher-
ent vortices out of both two- and three-dimensional turbuflsws was proposed,
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Fig. 6 Residual of total kinetic energy of the POD approximatiosdzhon a velocity ensemble of
1000 snapshots over 300 convective time units. Displayedhar percentages of the non-resolved
energy over the number of utilised POD modes.

which is directly motivated by denoising. The idea is to gppk orthogonal wavelet
decomposition to the vorticity field) at a given time instarttwith resolutionN.
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Fig. 7 Resolution of POD of a vorticity field ensemble of 1000 snapsin a time interval of 100
convective time units. Displayed are the percentages aktaved average of enstrophy over the
number of utilised POD modes (solid line) the latter beinglesd logarithmically. This resolution
can be compared to the POD resolution of total kinetic enefgiie corresponding velocity field
(dashed line).
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In the following we first fix the notation for the wavelet decposition of a three
dimensional vector field and summarise the main ideas of lwabased coherent
vortex extraction. For more details on the orthogonal watvehnsform, its exten-
sion to higher dimensions, we refer the reader to textbamks, [8]. For more de-
tails on the coherent vortex extraction method we referéoattiginal papers.

A vector fieldu(x) is decomposed it into an orthogonal wavelet series

U= Y () (4)

AEN

wherex € Q = [0, 17.87D] x [-3.5D, 3.5D] x [-3.5D, 3.5D], D is the diame-
ter of the jet, and the multi-indek = (j,ix,ly,iz,d) denotes the scalg the posi-
tioni = (ix,ly,iz) and the seven possible directias- 1,...,7 of the wavelets. The
setA = {A = (j,ix,ly,iz,d),j =0,...,ixly,iz=0,...,2) —1andd = 1,..., 7} defines
the corresponding index set. Due to orthogonality the caefiis are given by
Uy = (U, ) - The coefficients measure the fluctuationsuoéround scale 2
and around position/2! in one of the seven possible directions. The fast wavelet
transform [8] yields a efficient algorithm to compute tavavelet coefficientsi,
from the N grid points values ofi and has linear complexity. Here we have cho-
sen the Coiflet 12 wavelet, which has 4 vanishing moments suagpropriate to
represent the current flow simulations.

The idea of of the coherent vortex extraction method can besarised in the
following three step procedure:

e Decompositioncompute the wavelet coefficients of vorticidy, using the fast
wavelet transform.

e Thresholdingapply the thresholding function: to the wavelet coefficients, ,
thus reducing the relative importance of the coefficientdwgimall absolute
value.

e Reconstructionreconstructthe coherent vorticiiy from the thresholded wavelet
coefficients using the fast inverse wavelet transform. flaeherent vorticityw
is obtained by simple subtractiom, = w — ax.

The thresholding functiop corresponds to

_ faif|a>¢
Pe(a) = {0 if ja] < ¢ (5)

wheree denotes the threshold.
The thresholding parametedepends on the variance of the incoherent vorticity
on and on the sample si2¢. The threshold

& = opvV2InN (6)

is motivated from denoising theory [9]. However, the vacianf the incoherent vor-
ticity is unknown, and has to be estimated from the availaditd vorticity w. As a
first guess we take the variance of the total vorticity, whoekrestimates the vari-
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Table 1 Statistical properties of the total, coherent and incafiteverticity fields of one snapshot
at time t=130.1

N[%]| Z |Z[%]]||e]|L~

Total 100 [0.2972 100 {11.999§
Coherent| 4.75(0.271591.3512.304
Incoherent95.25/0.0257 8.65| 2.116

ance of the incoherent vorticity. Thus we split the field inbderent and incoherent
parts and then take the variance of the incoherent vortistg new improved es-
timator. In [1] we have developed an iterative algorithmtfus task, based on the
method presented in [15]. Here we decided to perform onatiter step only which
can be justified by the fast convergence of the iterative gotape and by the fact
that the computational effort is minimised.

Using the above algorithm, the flow is decomposed into twdspar coherent
flow, corresponding to the coherent vortices, and an inattélow, corresponding
to the background noise [15]. This decomposition yields w: + . Due to or-
thogonality we havéax, @) = 0 and hence it follows that enstrophy is conserved,
i.e,Z=2Zc+2 whereZ = 3(w, w).

Let us mention that the complexity of the Fast Wavelet Tramsf(FWT) is of
O(N), where N denotes the total number of grid points.

4.2 CVE results

The CVE method is applied to the vorticity of the turbulentompressible jet at
nondimensional timé= 130.1. The resolution of the computationis= 128.
The CVE method decomposes the total vortigityinto coherent vorticityc
and incoherent vorticityy. The results of the decomposition are summarised in
table 1. Figure 8 shows the enstrophy kept in khetrongest wavelet modes. The
threshold issp = 1.155, and the percentage of modes used to represent the sbhere
component of the vorticity field, a measure for the compoessite, is 475%.
Therefore, only a hundred thousand modes instead of twomithodes are used
to represent the coherent part of the flow field, which resofwere than 91% of the
total enstrophy. To gain further insight we now considergbecentage of retained
wavelet coefficients at different scale indige3 he scale indexis related to a mean
wavenumbek; = ko2), wherekg is the centroid wavenumber of the chosen wavelet
[11]. The wavelet representation implies that there ar2®7wavelet coefficients
at a given scalg. Table 2 shows the percentage of retained wavelet coeffican
the scale indey. At large scales, e, for j < 2, almost all coefficients are retained
and correspond to the coherent part. At smaller scales,enthertotal number of
coefficients dramatically increases, the percentage aifived coefficients decreases
strongly, and at the smallest scale only about 3% of the ciefiis are retained.
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Fig. 8 Resolved enstrophy as a function of the number of retainegleacoefficient which have
been sorted by the order of magnitude. Z and N are normalisedtine reference value at full
resolution and expressed in percent.

Table 2 Scale-dependent compression rate.

Scale]|Neetained/ Niotal [%0] | Nretained| Neotal
0 100.00 7 7
1 96.43 54 56
2 95.09 426 448
3 60.04 2151 | 3584
4 28.51 8175 | 28672
5 12.92 29632 229376
6 3.23 59255 (183500

Figure 9 shows isosurfaces of vorticity at nondimensianat = 130.1. The to-
tal vorticity shown in figure 9 (top) is characterised by wgleloped vortical struc-
tures. Those structures are retained in the coherent fislgahsed in figure 9 (mid-
dle). The incoherentfield, shown in figure 9 (bottom), camdaio organised vortical
structures and resembles noise. Its norm is about a factemaler with respect to
the total vorticity.

The spectral distribution of the total, coherent, and irgeht enstrophy is com-
pared in figure 10. The spectra of the total and coherent faaliteide up to a wave
numberk ~ 20, and a faster decay of the spectrum is observed for theeatfeeld
in the dissipative range with wave-numbé&rs 50. The spectrum of the incoherent
field contains contributions at all wave-numbers but is iiggnt only in the dissi-
pative range. We also observe that the total and coherectramhibit &/3 range
which is in agreement with Kolmogorovis %2 law, as the enstrophy spectrum is
k? times the energy spectrum. The spectrum of incoherentcityr§hows some
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Fig. 9 Isosurfaces of the total (top), coherent (middle) and ieceht (bottom) vorticity. The
nondimensional values of the isosurfaces|are= 0.7.

k* scaling, which corresponds to energy equipartitia, i scaling of the energy
spectrum.
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Fig. 10 Enstrophy spectra of total, coherent, and incoherentaitytiFor details, see text.
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Fig. 11 PDF of total, coherent and incoherent vorticity, togethéhw Gaussian fit.

A study of the probability density functions (PDF) of voiticyields informa-
tion about the higher order statistics of the flow. Figure Adves the PDF of total,
coherent, and incoherent vorticity. First, we observe thatPDF of the total and
coherent vorticity almost perfectly coincide, and exhéiponential tails. The PDF
of the incoherent vorticity has a strongly reduced variaacel agrees reasonably
well with the Gaussian.



16 Schlegelet al.

5 Identification of loud jet flow structures

5.1 The most observable decomposition (MOD)

To obtain the desired physical understanding of jet noisegaion, an aeroacous-
tically optimised extension of POD is proposed, termed notstervable decom-
position (MOD). This method is described in [61, 60, 29] inale Here, a short
overview is given. In the following, hydrodynamic fluctuais and the fluctuations
of the aeroacoustic far-field are considered to be prefidtbyePOD decomposition
via the approximations (1) and

J
py.t) ~ _;q"(t) pi(y) (7)

in the given domain® and/" of near- and far-field respectively. Modes and mode
coefficients of the POD of the aeroacoustic far-field are teohby p; and aip, re-
spectively.

The latter POD modes decompose the pressure far-field nfaseefly for the
resolution the aeroacoustic noise level. The main idea oDM®to impose this
optimality to the the optimality of the MOD approximation

J
WX = 5 E U X) ®)

of the hydrodynamic field, where the sense of optimality il by the optimal
resolution of the goal functional, given by the correlatetl

ZE(w) = (P (U) P (W))r) /2 ©)

of fluctuations of the pressure far-field. From this perspecthe question of how
to design optimality of MOD requires to know how to model taationship of
hydrodynamic field and pressure far-field.

In the most observable decomposition, a linear relatignbbiween the hydro-
dynamic and aeroacoustic fluctuations is proposed aftgurbgagation time

pt+1) = CU(t), (10)

where both fluctuation variables can be considered to besepted by the vector
of the respective mode coefficients, applying the POD peefilthus, the linear
mappingC from hydrodynamic fluctuations onto fluctuations of the ptee far-
field can be identified by linear stochastic estimationsititj the POD coefficients
of hydrodynamic field and pressure far-field.

In MOD, it is assumed that the main events of the generatigetafioise are
captured in average by the linear mapping defined in equétion Validity of this
assumption is confirmed by a considerable body of physiddeece: the shear-
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Table 3 Minimum principles and control perspectives of the two typ&éMOD.

MOD variant

'least-residual’ MOD (LR-MOD

‘least-energetic’ MOD (LE-MO

minimum principle o
MOD approximation

minimisation of
flow attractor residual

minimisation of
hydrodynamic fluctuation

control goal

flow reconstruction
by a dynamic observer

reduction of total kinetic energy
energy causes reduction of

17

correlated noise~ energy-baseq
jet noise control design

noise originated from a linear source term of the velocitgtflations been shown
to dominate in free-jets in terms of the hydrodynamic, tightipressures [74], and
to correlate better with the far-field pressure than thesei$e originated from a
quadratic source term of the velocity fluctuations [30, 3,4, 58, 51]; In [5] it
is furthermore demonstrated that the coherent flow strastgenerate noise via a
linear mechanism in the region upstream of the end of thenpiateore.

The MOD modes are obtained by the pseudoinverse images fzrtfield POD
modes

u =Cpi, (11)

and employing orthonormalisation. Because the definitiothe pseudoinverse is
typically not unique, this equation represents an ill-gbgeblem. Additional con-
straints are required to modify the problem to become wedign. Two optimal
principles are considered, addressed to flow control pegpas demonstrated in
table 3 thus defining two MOD modes variants

Like in the POD approach, analogues of the POD maximum pnoli®$ and the
Fredholm integral equation (3) can be obtained for both M@bDants. The POD
eigenvalues of the far-field shall coincide with the MOD eiga&lues, representing
the double of the resolved portion of the correlated nafs@1) of each mode. Com-
monly, (LR- or LE-) MOD modes are sorted by the size of the MOg@eavalues,
starting from the largest eigenvalue.

5.2 MOD results

MOD results are obtained based on the POD results of subee&x and the aeroa-
coustic far-field data as described in section 2.

Dimension reduction capability by one order of magnitudedmparison to POD
dimensions is demonstrated. 90% of correlated nzféés resolved by only 33
MOD modes (cmp. Fig. 5.2). This result fits well with an MOD dinsion of 24 for
the Ma = 0.9 jet with the same Reynolds number, obtained in [29]. Thé fingr
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Fig. 12 Residual of correlated noise of the MOD approximation. Ziged are the percentages of
the non-resolved correlated noise over the number of edil{ER- or LE-) MOD modes.

LR-MOD modes are visualised in figure 13, showing dominatithkestructures
around the breakdown region of the jet potential core resnanit to results of [16].

6 Galerkin modelling

A low-dimensional Galerkin model of the three-dimensigimaompressible jet is
presented in this section. We employ 30 POD modes of the wdmieain, repre-
senting 39% of total kinetic energy. The Galerkin system

1 30 30
ai:ﬁezolijaj—‘r Z qijkajakforizl,...,30,
1= j.k=0

is derived from the POD Galerkin approximation (1) with anstard projection
on the Navier-Stokes equations [26]. The system coeffigiare defined by :=
(ui,Auj) o andg;jk := (uj, 0- (ujuk)) o, using the mean flowp := (u). To enhance
compactness of notation, the coefficiagt= 1 is introduced as well.

Characteristic frequencies of the POD mode coefficients@Navier-Stokes at-
tractor are reproduced by the Galerkin model as illustratdjure 14. Following
Rempfer and Fasel [55], neglected fine-scale effects areeltenldbased on a cali-
bration of modal turbulent eddy viscosities (cmp. [46] forther details). With this
model, the coefficients amplitudes coincides as well (cngoiré 14 again).
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¥

Fig. 13 Visualisation of 'loud’ jet flow structures. Isosurfacestbe streamwise components of
the first three (from top to bottom) least-residual MOD modesshown for positive (bright) and
negative (dark) values. The grid unit is given by the jet diten

7 Outlook to applications of jet noise control

Two key enabler of jet noise control design are represenyetthd Galerkin sys-
tem and the LE-MOD approach, enabled by suppression of taekimetic energy
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Fig. 14 Two POD Fourier coefficients with low (top) and high (bottoff@quencies over an inter-
val of 300 convective time units. For both coefficients, &mirequency behaviour is observed on
the DNS represented Navier-Stokes attractor (dotted énd)in the Galerkin model (solid line).

contained in the 'loud’ LE-MOD velocity subspace, whichrieeducible in respect
to maintain the noise level. Thus energy-based Lyapunogdés pursued for the
suppression of the energy flow into the LE-MOD subspace.

As one example of control, we have modelled plasma actuatibith have re-
duced jet noise in flow control experiments [57] by 0.5 to dv€rdB. Two plasma
actuators, manipulating respectively the flow in strearewisd transverse direction
at the breakdown of the jet potential core, are implementtaa 100 POD mode
Galerkin model of the jet flow in thin layer parallel and syniriteto thez= 0 plane
(cmp. [60]). To identify the Galerkin system, an ansatz ofiipéer [54] is pursued,
according to which Galerkin projections can be effectedahfmitely thin slices. On
this subdomain, 100 POD modes are still required to resobmeitihan 80% of total
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Fig. 15 Noise control via suppression of loud flow structures (LE-M@odes). Displayed are
evolutions of the level of far-field fluctuations (noise) b®0 convective time units. The former
are expressed in percent of the correlated noise Iéﬁeif the natural jet flow. The most noise
generating flow events in the natural Galerkin model dynarnfiashed line) are suppressed by
energy-based flow control (solid line). Thus a mean noiseatah by 2 dB is achieved.

kinetic energy. The actuation of the two plasma actuatoirsBemented employ-
ing identification of volume forces as described e.g. in [#8)]r stabilisation of the
controlled simulation, third order terms are implementethie Galerkin model.

Noise reduction by approximately 2 dB has been performediedmaction of
the plasma actuators, the energy flow into the loud subspgoenialised based on
Lyapunov control design. Thus, the most noise generatimgdi@nts are mitigated
as shown in figure 15.

In future application, a significant enhancement of noiskicéon is expected
from local actuations at the nozzle exit, implemented in@®aderkin model of the
whole three-dimensional jet. Here, moreover, the modgbifithe high-dimensional
flow residuum via FTT opens the path to the first fully nonlingdinite horizon
control. In future applications. this form of control desigs expected to over-
come serious challenges of current (locally) linear desigh vortex merging and
multiple-scale physics.

8 Conclusions
A reduced-order strategy for jet noise control is propoagsipg the path of

(i) identification and dynamic modelling of coherent sturets,
(i) identification of loud structures and
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(iif)  suppression of loud flow structures.

Coherent structures of the three-dimensional, incomjiregst are identified by
POD analysis. 284 POD modes are required to resolve 90% obtalkinetic en-
ergy. Nonetheless, the dynamics of the most coherent stes;trepresenting 39%
of total kinetic energy, are reproduced by the 30-dimerai@alerkin model.

A wavelet-based coherent vortex extraction method wasexppd LES simula-
tions of a free jet. This method allows for an efficient exti@cand analysis of vor-
tical structures contained in such flows. It was found that(i# 75%) wavelet coef-
ficients represent the coherent vortices of the flow. Theltepresented here moti-
vate coherent vortex simulations of turbulent flows for aemustics. First results of
CVS for three-dimensional mixing layers are presented 2} §hd are promising.
Further analysis of vorticity structures, enstrophy sgeahd higher-order statistics
suggests that the dynamical information of the total fielebtained by the coherent
field. It can be anticipated that a temporal integration efabherent field will result
in an evolution similar to that of the total flow field. For thecoherent flow field a
viscous decay of the fluctuations can be anticipated.

A mechanistic understanding for jet noise control has begaeed using an ex-
tension of POD, we term most observable decomposition [PP,T& e most sound-
producing dynamics of turbulent jets are identified by the&timod. An reduction of
dynamically relevant degrees of freedom against POD isaeklifrom MOD appli-
cation to the incompressible jet. Two variants of MOD arttad for the purposes
of noise control design.

In a first example of jet noise control, control capabilitytbé proposed ROM
strategy is demonstrated achieving an reduction of jetenbys2 dB. From more
comprehensive future investigations including the immatation of experimen-
tally realisable actuations and FTT modelling (see [45Bigaificant enhancement
of noise reduction is expected.

It should be noted, that the presented methods are apm@italgxperimental
data, e.g. PIV measurements, as well.
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